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We study four-dimensional large-N SU(N) Yang–Mills theory coupled to adjoint overlap fermions on a
single site lattice. Lattice simulations along with perturbation theory show that the bare quark mass has
to be taken to zero as one takes the continuum limit in order to be in the physically relevant center-
symmetric phase. But, it seems that it is possible to take the continuum limit with any renormalized
quark mass and still be in the center-symmetric physics. We have also conducted a study of the
correlations between Polyakov loop operators in different directions and obtained the range for the
Wilson mass parameter that enters the overlap Dirac operator.
© 2011 Elsevier B.V. Open access under CC BY license.The large N limit of gauge theories has many intriguing prop-
erties. One of these is continuum reduction [1]. It states that one
obtains correct inﬁnite volume zero temperature results by work-
ing on a ﬁnite volume lattice as long as the center symmetry is
intact. In [2], it was proposed, that for a Yang–Mills theory with
massless adjoint fermions with periodic boundary conditions, the
volume can be reduced down to a single site as opposed to the
pure gauge case [3], where weak coupling analysis shows all the
center symmetries to be broken [4]. This has been conﬁrmed both
by lattice techniques and by perturbation theory [5–14].
The question we want to address in this Letter is what occurs
at the large N continuum limit when fermions have a mass. The
large N continuum limit is taken by ﬁrst extrapolating N → ∞ and
then b → ∞, where b is the inverse ’t Hooft coupling, 1
g2N
. It has
been argued in [15] that for any ﬁnite mass, a center symmetry
unbroken phase exists at suﬃciently small volume. Lattice studies
using Wilson fermions have shown a large range of masses at ﬁxed
lattice spacing where the center symmetry remains intact [10].
In this Letter, we address the question of center symmetry both
in the lattice and in the continuum using massive adjoint overlap
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Open access under CC BY license.fermions [17,18]. We show that the critical bare quark mass μc ,
above which the center symmetry is broken, is zero at the con-
tinuum limit. However, on a lattice with a ﬁnite lattice spacing,
μc > 0. Values of masses, which are accessible to lattice simula-
tions, depend on how μc scales as a function of the lattice spacing.
We study the problem with one Weyl fermion, f = 0.5, both
by perturbation theory and lattice simulations. Using perturbation
theory we show that center symmetry is broken even when quarks
are given an arbitrarily small mass. We have performed lattice sim-
ulations with different b and N . The lattice results conﬁrm with
perturbation theory and we ﬁnd a μc(b) that decreases as b in-
creases. We do not see any evidence of scaling of μc(b) versus b.
Our numerical results indicate that we can obtain the continuum
limit with arbitrary physical mass for the adjoint quarks.
All details pertaining to the single site lattice model with ad-
joint overlap fermions are described in [9]. To study the continuum
limit starting from the single site action, we use the weak coupling
expansion and write the link matrices as
Uν = eiaν Dνe−iaν , Dijν = eiθ iν δi j, (1)
and perform an expansion in aν . The θ iν are the eigenvalues of the
Polyakov loop operator and they have to be uniformly distributed
in the range [−π,π ] and uncorrelated in all four directions in or-
der to correctly reproduce inﬁnite volume continuum perturbation
theory. The leading order result is
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weak coupling limit.
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where the ﬁrst line of RHS is the contribution from gauge ﬁelds
[4] and the second line is the contribution from f ﬂavors of Dirac
fermions [9]. The bare quark mass is 2mwμ√
1−μ2 with μ ∈ [0,1] and
mw is the Wilson mass parameter.
The gauge action has its minimum, −∞, when all the angles θ iν
are equal. With one massless Weyl fermion ( f = 0.5) the fermionic
part cancels out the inﬁnity and renders the action ﬁnite. In [9]
we used Monte Carlo techniques to ﬁnd out the actual minimum.
Namely, we consider the Hamiltonian
H = 1
2
∑
ν,i
(
π iν
)2 + β S. (3)
For large β , the Boltzmann measure e−H is dominated by the min-
imum. Hence, this minimum can be found by performing a HMC
update for the π , θ system.
To reduce rounding errors in equations of motions, we intro-
duce a regulator Δ to the gauge ﬁeld action
Sg →
∑
i = j
ln
[∑
ν
sin2
1
2
(
θ iν − θ jν
)+ Δ
]
. (4)
In the computations we choose Δ = 10−4, which is much smaller
than the average difference between angles 2π/N when N < 200.
A choice for the order parameters associated with the Z4N sym-
metries is [4]
Pν = 1
2
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1− 1
N2
|TrUν |2
)
= 1
N2
∑
i, j
sin2
1
2
(
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)
. (5)
If Pν = 12 , then the ZN symmetry in that direction is unbroken.
In Fig. 1 we reproduce the results of [9] with a large N scal-
ing. To better observe the center symmetry breaking, the mea-
surements Pν are ordered for each conﬁguration s.t. P1 < P2 <Fig. 2. The difference between actions with correlated Sc and uncorrelated eigen-
values to each direction.
P3 < P4. This indicates that center symmetry is probably restored
when Wilson mass is in the range 3.0 < mw < 10.0. The range of
mw with broken symmetry does not depend on N .
It is possible that center symmetry is broken in a subtle man-
ner in the range 3.0 < mw < 10.0. For example, the eigenvalues
of the individual Polyakov loop operator might be uniformly dis-
tributed but they might show correlations in different directions.1
In order to have a correct sum over all momenta as one would have
in a inﬁnite lattice, we need to ensure that the traces of Polyakov
loops vanish and there are no correlations between different di-
rections on the single site model. Let us assume that the eigen-
values are uniformly distributed and choose 2π jN , j = 1, . . . ,N , as
the N eigenvalues. Let π j , j = 1, . . . ,N , denote a permutation of
j = 1, . . . ,N . We compute the correlated action, Sc , with θ jν = 2π jN
and compare it to the uncorrelated action, Su , with θ
j
ν = 2ππ
ν
j
N
where πν are different permutations for different ν .
Fig. 2 shows the difference, Su − Sc , as a function of Wilson
mass mw with different N . The value for Su is obtained by aver-
aging over several different random permutations but the ﬂuctu-
ations get smaller as N increases and it is suﬃcient to consider
just one random permutation as N → ∞. The uncorrelated min-
imum is preferred when 1 < mw < 5. There is again virtually no
dependence on N . This combined with the restriction of center
symmetry restoration gives
3 <mw < 5 (6)
as the range for Wilson mass.
One might wonder why the region of allowed mw does not in-
clude zero. In a typical free ﬁeld analysis of overlap fermions [19,
20], one shows that it correctly represents a single Dirac ﬂavor in
a region around zero momentum as long as 0 <mw < 2. Momen-
tum in our case is replaced by (θ iν − θ jν) and we want to cover the
whole range of allowed momenta [21,22]. If this does not occur,
we will not have proper reduction or a correct realization of the
center symmetric phase. Because the range of allowed momenta
(volume of the Brillouin zone) in the conventional free ﬁeld analy-
sis increases as mw increases, we see why mw close to zero is not
appropriate. Therefore, to reach momenta close to π (normally re-
ferred to as the “doubler” region of the Brillouin zone), and have
proper sampling of all momenta as per the inﬁnite lattice, we ﬁnd
1 This is the problem with quenched Equchi–Kawai model [16].
A. Hietanen, R. Narayanan / Physics Letters B 698 (2011) 171–174 173Fig. 3. Plot of P1 as a function of mw with massive quarks.
Fig. 4. Plot of P1 as a function of mass for three different b with N = 15.
a range of allowed mw than includes mw > 2. One can also un-
derstand why mw cannot be arbitrarily large since we would be
approaching the limit of naïve fermions which does not have a
center symmetric phase on a single site lattice [9].
Once fermions have a non-zero mass, the fermionic contribu-
tion to (2) is always ﬁnite. Then the minimum of the perturbative
action is dominated by the pure gauge part and occurs when all
the eigenvalues are the same. The effect of ﬁnite N is demon-
strated in Fig. 3 for μ = 0.1. We have only plotted the compo-
nent P1, since it determines the center symmetry breaking point.
The symmetry breaking is evident as N → ∞.
For the actual lattice simulation, we used HMC algorithm de-
scribed in [9]. All the simulations were performed with f = 0.5,
Wilson mass mw = 5,2 and they consist of about 100 independent
measurements. Thermalization is fast and requires only about ten
iterations. Most of the simulations were performed with N = 15,
but to study 1/N effects we did also simulations with N = 11 and
N = 18. The purpose of the simulations are to ﬁnd out the critical
mass μc for center symmetry breaking as a function of N and b.
In Fig. 4 we have plotted P1 as a function of mass with N = 15
for b = 1,3, and 5. The data shows that μc(b) does decrease with
2 This value is slightly high, since it is on the high end of (6). This is because
the argument presented with regard to Fig. 2 was realized after we obtained the
numerical results presented in this section.Fig. 5. Plot of P1 as a function of mass for three different N with b = 5.
Fig. 6. Plot of P1 as a function of 1/N for four different μ with b = 5.
increasing b but the decrease is clearly slower than scaling would
dictate. The range of center symmetry breaking is between 0.1 and
0.3 for b in the range [1,5]. Ignoring wave function renormaliza-
tion, the dominant part of the scaling dictates that we need to
keep μe
8π2
3 b ﬁxed as we take b → ∞ in order to take the contin-
uum limit at a ﬁxed physical mass. Our data for μc(b), therefore,
clearly indicates that we can take the continuum limit of a mas-
sive adjoint fermion coupled to a large N gauge ﬁeld without any
restriction on its physical mass.
To understand the effects of ﬁnite N , we performed simulations
with b = 5 also at N = 11 and N = 18. The 1/N effects are rather
small except in the region of the phase transitions as can be seen
in Fig. 5. The critical value at b = 5 is about 0.1. The four smallest
masses are plotted separately in Fig. 6. The value of P1 slowly in-
creases for μ = 0 and μ = 0.1 as N is increased, whereas P1 with
μ = 0.15 and μ = 0.2 are constant in N . It is diﬃcult to show
conclusively that P1(μ = 0.1) actually approached 0.5 as N → ∞.
A detailed analysis with more values of N is needed to locate the
transition point in μ.
We should emphasize that we do not have an analytical argu-
ment for reduction to hold on a single site lattice with massive
fermions. We have provided numerical evidence that supports re-
duction with massive fermions. One needs to perform a careful
analysis of the ﬁnite N effects at ﬁxed lattice coupling and ob-
tain at least one physically relevant quantity in the continuum
limit in order to provide further support for reduction with mas-
174 A. Hietanen, R. Narayanan / Physics Letters B 698 (2011) 171–174sive fermions. Unfortunately, this is not a simple computer project.
In order to perform an eﬃcient numerical simulation one needs to
represent the fermion determinant in terms of a pseudo-fermion
action and use a HMC algorithm for overlap fermions [23] and this
is reserved for future work.
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